
E X A C T  S O L U T I O N  T O  T H E  P R O B L E M S  OF 

M A S S I V E  F R E E Z I N G  IN A S O L U T I O N  

P .  P .  Z o l o t a r e v  a n d  A.  A. R o s h a l '  UDC 536.421.4 

The p r o b l e m  of m a s s i v e  f reez ing  in a hypoeutect ic  solution is analyzed under  va r ious  bound- 
a ry  conditions at  the f ree  sur face .  

In [1] the au thors  have cons idered  the f i r s t  b o u n d a r y - v a l u e  p rob l em of m a s s i v e  f reez ing  (0 _ x _<r 
in a hypoeutect ic  solution with the f r ee  su r face  (x = 0) held a t  a r a t h e r  low constant  t e m p e r a t u r e  Tl(0, t) 
= 0 o. Such a si tuat ion may  a r i s e ,  for  ins tance,  when the solution comes  into contact  with s trongly ("ideally") 
s t i r r e d  convect ive  a i r .  

In that  a r t i c l e  we have solved the f i r s t  boundary-va lue  p rob lem for  the other  (extreme) case ,  namely  
where  the solution (0 -< x - ~) is in contact  with st i l l  a i r  (--~ _< x - ~) and the t e m p e r a t u r e  of the l a t t e r  
is held constant  at  a low enough level  to allow the solution to f reeze .  Also the second and the third boundary-  
value p rob l em of m a s s i v e  f reez ing  have been solved for  the case  of constant  r e spec t ive  boundary condi-  
t ions at  the f r ee  su r face  (x = 0). F o r  a pu re  solvent ,  these  solutions become those a r r i v e d  a t  in [2]. 

1. We will  now cons ide r  the f reez ing  of a solution in contact  with st i l l  a i r .  Le t  the a i r  occupy the 
region (--~ _-_ x -< 0) and let  the solution init ially occupy the region (0 - x - ~o). Le t  0 (x, t), Tl(x, t), and 
T2(x, t) denote the t e m p e r a t u r e s  of the a i r ,  of the f reez ing  solvent ,  and of the solution re spec t ive ly ,  while 
e (x, t) denotes  the solute concentrat ion.  

These  quant i t ies  m u s t  sa t i s fy  the following equations:  

O0 020 OT 1 
- - = •  - - ~ < x - ~ O ,  - - x  1 -  

Ot Ox ~ Ot 

OTo O~T., Oc 02c 
- " = x o  " - -  - -  D 

Ot " Ox" ' Ot Ox 2 

02T1 0 < x -.< l (l), 
Ox 2 ' . 

, I ( t ) - ~ x . ~  o o ,  

(1) 

with the boundary conditions at  infinity and the init ial  conditions 

O ( - - ~ ,  t)=Oo, r2(x,  O)=T, (oo ,  t ) = r o ,  c(x, O ) : c ( o o ,  t)=Co, 

as  wel l  as  the boundary conditions at  x = 0 and at  the in te rphase  boundary x = l (t): 

O0 0(0, t ) : T  1(0, t), ~. ~ t x _ 0 : ~ 1 0 T ,  
T Is=0' 

dl OT1 ;~,, OT~ [ 
P L ~  = ~  ~ ~=l-- " Ox tx-.t' Tx(l'  t ) = T ~ ( I ,  t ) = T ,  tl--kc(l, t)l, 

a__z = v t 
dt [c(l, t ) - - c , ]  Ox t~=[ 

Here  k = (RT*/L)" (M'/pM). 

We will  seek  the solution to the p r o b l e m  in the form:  

(2) 

(3) 
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O (x, t) = E,  + F ,  eric ( 

c (x, t) = A + B erfc (, - ~  ) 
2 

T~=E~ + F~ erfc ( ~ ' ) ~ .  

T h u s ,  cond i t ions  ( 2 ) - ( 4 ) y i e l d  

. )  
2 V n, t  ' 

l (t) = 2 ]/~-~, 

(i = l ,  2). 

A = c o, B = ] / - ~ - ~ c ~ 1 7 6  
( ~  ' exp -- --~ -- Vz~a/D erfe 

T, (1-- kco) -- To-- T,kB erfc ( l / / ' D  ) 
E,=O o, E 2=T o . F 2= 

erfc ~/ /~_~ 

F , = - - ~ , ,  F1, E l = O o - -  1 + - ~ .  

T, (1--kco)--Oo-- T,kBerfc ( / D ) 

+W W err • 

The  equa t ion  f o r  a is  d e r i v e d  f r o m  the c a l o r i m e t r i c  condi t ion  (4): 

T o ~z 

ply. V 
__ 0o 

When  X, = oo, we  have  0 (x, t) - 0 0 and f o r m u l a s  (6), (7) b e c o m e  those  in [1]. 

(6) 

(7) 

P r o b l e m  (1)-(7) and the p r o b l e m  a n a l y z e d  in [1] d e s c r i b e  the  e x t r e m e  c a s e s  of m a s s i v e  f r e e z i n g  in 
a so lu t ion  in con t ac t  wi th  a i r .  

The  p r e c e d i n g  p r o b l e m ,  a s  has  been  m e n t i o n e d  e a r l i e r ,  c o r r e s p o n d s  to the c a s e  of  s t i l l  a i r  wi thout  
c o n v e c t i o n  (pure ly  conduc t ive  hea t  t r a n s f e r  in the g a s e o u s  phase ) .  The  f r e e z i n g  r a t e  c a l c u l a t e d  f o r  t h e s e  
condi t ions  wi l l  be  the  lowes t  p o s s i b l e .  The  p r o b l e m  in [1], on the o t h e r  hand, can  be i n t e r p r e t e d  a s  one 
of  m a s s i v e  f r e e z i n g  in a so lu t ion  in c o n t a c t  wi th  a i r  du r ing  c o n v e c t i v e  s t i r r i n g  so s t r o n g  (" idea l" )  tha t  
0 (x, t) -= 0 0. In th is  c a s e  the f r e e z i n g  r a t e  wi l l  be the  h ighes t  p o s s i b l e .  U n d e r  a c tua l  cond i t ions  of  c o n :  
v e c t i v e  a i r  s t i r r i n g ,  the  f r e e z i n g  r a t e  wi l l  be  s o m e w h e r e  b e t w e e n  those  two e x t r e m e  ones .  

If the  m e d i u m  (,) i s  a i r ,  then  condi t ions  (6) and (7) can  be s imp l i f i ed .  Indeed,  f o r  a i r  we have  X, 
= 5.3" 1 0 - h c a l / c m  �9 s e c "  ~ ~ ,  = 1 . 7 . 1 0  -1 and ~ = 1.15-  10-2 c m 2 / s e c ,  X 1 = 5 .3-  1 0 - 3 c a l / c m  � 9  ~ (ice). 
T h e r e f o r e ,  ~1/k,4--~-7-~ ~ 3 . 8 . 1 0  2, i. e. , ~ I / X , ~  >> 1 and X I / X , ~  >> erf4-~-/-~t (s ince e r f 4 - a - ~  
-< 1). 

Consequen t ly ,  

s [ f /  • 
E l ~ O ~  W - -  • F1, 

and  Eq. (7) b e c o m e s  

(7') 

~'* [ T,  

erfc ( -'~--2 �9 

k. • (1 --kCo) O~ a 

(8) 
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If T O = T* (1--kc0),  then  (7) can  be r e w r i t t e n  a s  

Z~Oo _ ~ (z) + ~ (z), 
T,  

pL ] / ~ . •  

[ ] 11 X 1 + " z 2  , 

w h e r e  z = ~ and B(z) is  found f r o m  e x p r e s s i o n  (6). 

The  ~2 (z) t e r m  c h a r a c t e r i z e s  the  e f f e c t  of  d i f fu s ion  on the f r e e z i n g  p r o c e s s .  

�9 2 ( z )  = 0 .  

F o r  fo l lowing  a p p r o x i m a t e  f o r m u l a s  app ly  to ~ l (z )  and  r 

F o r  a p u r e  s o l v e n t  

(9) 

IF 1 (z) ~ ~o,T. z for z </-. l ,  

k B e r f c ( V ~ - ~ z  ) ~,kc o V ~ A z  for V ~ z ( ~ < l  

f ~ - 2 ~  a , ~2 | / x _ ~ l  z for z<< 1, n ~ ( z ) ~ , k c o V - -  ~ 1 ~ )~, V •  

(10) 

(~/~_) [ 2._~__~ 1 ] ( - -  ~1 
kB(z) erfc z ~ k c  o z ~ - -  1 for ~ z ~  1. 

The  l a s t  f o r m u l a  in (10) can  be d e r i v e d  by an  a s y m p t o t i c  e x p a n s i o n  of e r f c  (z) fo r  l a r g e  z. 

V a l u e s  of  z = f (A00 /T , )  c a l c u l a t e d  a c c o r d i n g  to f o r m u l a  (9) a r e  l i s t e d  in T a b l e  1 fo r  a p u r e  s o l v e n t  
(3 2 - 0) and  f o r  a so lu t ion .  T h e s e  v a l u e s  a r e  b a s e d  on X, = 5 . 3 . 1 0 - S c a l / c m  - s e c .  ~ X 1 = 5 . 3 . 1 0 - 3 c a l  
/ c m "  s e c -  ~ X2 = 1 .44-  1 0 - 3 c a l / c m  �9 s e c ' ~  ~ ,  = 1 . 7 . 1 0 - 1 c m 2 / s e c ,  x 1 = 1 .15-  1 0 - 2 c m 2 / s e c ,  ~ = 1.44 
�9 1 0 - 3 c m 2 / s e c ,  L = 79.7 c a l / g ,  D = 1 0 - S c m 2 / s e c ,  c o ~ 5%, k = 2.2" 10 -3, kc 0 ~ 1 .1 -  10 -~, and c ,  = 0. 

The  r e l a t i o n  z = f (A00 /T , )  f o r  the  o t h e r  c a s e  0(x, t) = 00 w a s  c a l c u l a t e d  in [1] wi th  the  s a m e  v a l u e s  
of  the  p a r a m e t e r s .  

2. We now c o n s i d e r  the  s e c o n d  and the  t h i r d  b o u n d a r y - v a l u e  p r o b l e m  of  m a s s i v e  f r e e z i n g  in a h y p o -  
e u t e c t i c  so lu t i on  (0 - x <-- oo) u n d e r  c o n s t a n t  b o u n d a r y  c ond i t i ons  a t  the  s u r f a c e  x = 0 and wi th  a c o n s t a n t  
i n i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n .  F o r  t h i s  c a s e ,  the  o r i g i n a l  e q u a t i o n s  can  be w r i t t e n  a s  

OT1 O~T1 
o--~ - - x ~ - -  O . ~ x . ~ t ( t ) ,  

Ox~ . . . .  (11) 
OT~ 02T~ Oc 02c 

- - ,  = D , l ( t ) ..< x ..< oo . 
Ot -- • Ox ~ Ot Ox ~ 

The  i n i t i a l  c o n d i t i o n s  (2) fo r  T 2 and c a s  w e l l  a s  the  b o u n d a r y  c o n d i t i o n s  (4) a t  the  i n t e r p h a s e  b o u n d -  
a r y  a r e  r e t a i n e d ,  w h i l e  the  b o u n d a r y  c o n d i t i o n s  a t  the  f r e e  s u r f a c e  x = 0 a r e  w r i t t e n  a s  fo l lows :  

OTI'ox ix=o~ b (second boundary-value_ problem), (12) 

07"1 I Ta (x, O) + j Ox Ix=0= b (third boundary-value problem), (13) 

w h e r e  b and j a r e  a s s u m e d  cons t an t .  

L e t  us  s o l v e  the  s e c o n d  b o u n d a r y - v a l u e  p r o b l e m .  
the  so lu t ion  in the  f o r m  

F o r  the c o n c e n t r a t i o n  c (x, t) and  f o r  l (t) we s e e k  

c(x' t ) =  A + Berfc ( x ) 2 ] /D{  , l ( t )=21  at. (14) 

658 



T A B L E  1. A r g u m e n t  z in 
E x p r e s s i o n  (9), a s  a Func t ion  
of  the V a r i a b l e  A 0 0 / T , ,  f o r  
a P u r e  Solvent  and fo r  a Solu-  
t ion 

/ c~ 

l.lO-a 
5.10-a 
3.10-e 
5.10-z 
7.10 -~ - 
1.10-I 

AOoT - 1  

rare solvent solution 

4.3.10-"- 4.53.10-2 
2. 15.10 -t 2.27.10 -1 
1.29 1.45 
2.14 2.59 
3,01 3,49 
4,3 5.72 

The f o r m u ! a s  for  t e m p e r a t u r e s  T 1 and T 2 wil l  b e w r i t t e n  
fogy to those  in [2], as  

T~ (x, t) = E1 + F~ V ' t  ierfc x ~ G~x, 
21/~-7 

in a r i a -  

(15) 
To(x, t) = Eo ~- F2VT-ierfc x x , k2xr(_ • 

" " 2 V.Tt   -H, rfc '-- 2Vx~--7- ,, 2 ' ' 

w h e r e  
z 

2 
ierfcz = i erfc~d~, erfcz = 1 - -  err z, err z ]/r~- j e-V'd~; 

z 
0 

and 

F(v, z) = i e-r  ~v-ldz is an incomplete gamma-function. 
z 

Using condi t ions  (2) and (4), we obtain  

V~--gV co ( 1 c-a-* 
- -  CO ) A = co, B = 

exp ( - -  D )  - -  l / a a / D  eric ( V ' D )  

It is e a s y  to see  that  the e x p r e s s i o n s  fo r  the coe f f i c i en t s  of T 1 and T 2 in our  p r o b l e m  m u s t  be a n a -  
logous  to the e x p r e s s i o n s  fo r  the c o r r e s p o n d i n g  coe f f i c i en t s  in the solut ion to the second  b o u n d a r y - v a l u e  
p r o b I e m  fo r  a pu re  so lvent  [2], if T , [ 1 - - k c 0 - - k B e r f c  (ga/D)] is now r e g a r d e d  in l ieu of  T~ = T~. 

Indeed,  condi t ion  (4) f o r  Ti (l ,  t) and condi t ion (12) y i e ld  fo r  the cons t an t s  E 1, Fi ,  and G 1 

], ".=-- 

' 7 b'~ 

2 ] / ~ b  

a I ~ -  

D" a___ ~ i eric 
~41 "5- V 

Cons tan t s  E 2, F 2, and G 2 a r e  d e t e r m i n e d  f r o m  the ini t ia l  condi t ion (2) f o r  T 2, f r o m  the r e l a t ion  fo r  
T 2 (l, t),  and f r o m  the c a l o r i m e t r i c  condi t ion  (4), namely :  

T, (1-- kco)-- To-- T,kBerfc ( V r D  ) 
E 2 = T o, H ~  = 

"-: w)  or,c ., 
F~. = 

F 2 eric 
k2  ~ - -  .y;r(_+ 

F r o m  the c a l o r i m e t r i c  condi t ion (4) fol lows a l so  an equa t ion  for  a :  

(16) 

(17) 

(18) 

9 L ~ ,  ,/-~-d-- ( o: ) 
s V --~2 exp -~2 =H2(~)-  (19) 
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Using this exp re s s ion  for  H 2, we can r ewr i t e  (19) as  follows: 

It is quite evident,  accord ing  to (19), that  in this  case  a solution can f r eeze  only when T O < T ,  (1--kc0), 
i. e . ,  a f t e r  init ial  subcooling within the en t i re  ha l f - space  x -> 0. It a lso  follows f rom (19) that  the f reezing 
r a t e  is he re  independent of b. Phys ica l  cons idera t ions  requi re  only that  b be posi t ive  (this r equ i r emen t  
joecomes obvious when one cons ide r s ,  for  example ,  the expres s ion  for  Tl(x,  t)). However ,  the t e m p e r a t u r e  
prof i le  depends on b. 

If the t e m p e r a t u r e  d i f ference  [T, (1--kc0)--T 0] is smal l ,  then expres s ion  (19) can be approximated  as  
follows: 

- -  T O / ~  r ,  (1 k~o)- 
- -  . ( 2 0 )  

T, ~ X~T, + k ~ (Co--C,) 

Let  us now cons ider  the th i rd  bounda ry -va lue  p robIem.  It is quite evident that  the solution for  this 
ea se  mus t  be sought in the f o r m  

c(x, t) -A+Ber[c ( x ) 
2 j  Dt 

T 1 (x, t) = E1 ~- F1 ]/Terfc l x 2 ~ , + alx + HI~ (t, x), 

(21) 
To(x, t ) = E o + F o l / T i e r f c  " - 2~tx ) 

+Ho.eric ' 21 xo--/- +k. ,xr  , ~ , 
_ , ~ w ~ - ,  4 ~ , 2  t 

where  

qD(t, x ) = ~ - x  x2 erfc~---~- ; z - -  2 f • 

The coeff ic ients  in (21) a r e  eas i ly  de te rmined  f rom conditions (2), (4), and (13). 

We will  not wr i te  out these  exp re s s ions  here .  We will  only note that  those for  A and B r ema in  the 
s a m e ,  namely  (16), and the coeff ic ients  of T 1 and T 2 a r e  analogous to the r e spec t ive  coeff icients  in [2] for  
a pure  solvent  with T~ = T~ rep laced  by T,[1--kc0--kBerfc((aT-D-)] .  The f o r m a l  solution to the second or  
the third boundary-va lue  p rob l em  is eas i ly  obtained, even when the initial  solvent  t e m p e r a t u r e  v a r i e s  
l inear ly .  One m o r e  t e r m ,  namely  a G2(x) t e r m ,  mus t  then be added to the express ion  for  T 2 [2]. 

We note,  in conclusion,  that  this ana lys i s  of the f reez ing  (crystal l izat ion)  of b inary solutions appl ies  
to s y s t e m s  which can fo rm s imple  eutect ic  m i x t u r e s  and whose init ial  concentra t ion is below the eutect ic  
level  c e [1]. This  ca l l s  fo r  an additional r e s t r i c t i on  in the p rob lem here ,  a consequence of the phys ica l  
a spec t s  [1, 3]: 

c(l, 0 < % .  

The p rob lem cannot have a solution when c (l, t) > c e. 
equali ty (22) before  calcula t ions  a r e  made.  

F o r  the f i r s t  boundary-va lue  p rob l em ,  (22), (5), and (7) yield the following additional l imitat ion to 
supp lement  (5)-(7): 

(22) 

F o r  this  r eason ,  one m u s t  a lways ver i fy  in-  
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1 q- - - - - ~ - ~  (1 - -  c,/Co) erfc (V-~--]-ff___~) < c c .  (23) 
exp(--a/D)--V~fD erfc (}J a -~ )  co 

F o r  the second boundary-va lue  p rob l em ,  we fo rma l ly  obtain the s ame  inequality f rom (22), (14), and 
(16), but the equation for  ce will  obviously be di f ferent  (see (19)). 

A l imit ing inequality can a lso  be obtained fo r  the th i rd  boundary-va lue  p rob lem.  

T1 
T2 
T .  
0 
o 
c ,  
D 
M' 
M 
R 
L 
x 
t 
l 

X1, ~1 

P 

N O T A  T I O N  

is the t e m p e r a t u r e  of the f reez ing  solvent;  
is the t e m p e r a t u r e  of the solution; 
is the f reez ing  point of the pure  solvent;  
is the t e m p e r a t u r e  of the a i r ;  
is the concent ra t ion  of the d isso lved  substance;  
is the concent ra t ion  of the d isso lved  substance  in the solid phase;  
is the diffusivity of the d isso lved  substance;  
is the m o l e c u l a r  weight  of the solvent;  
is the m o l e c u l a r  weight of the solute; 
is the gas  constant;  
is the heat  of mel t ing  of the solvent;  
is the longitudinal coordinate;  
is the instantaneous t ime;  
xs the coordinate  of the in te rphase  boundary; 
a r e  the t h e r m a l  conductivi ty and the t h e r m a l  dfffusivity of the gaseous  phase;  
a r e  the t h e r m a l  conductivity and the t h e r m a l  diffusivi ty of the solid phase;  
a r e  the t h e r m a l  conductivi ty and the t h e r m a l  diffusivity of the liquid phase;  
is the densi ty of the solvent.  

1. 

2. 
3. 
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